Seeing the magnetic monopole through the mirror of topological surface states 
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Existence of the magnetic monopole is compatible with the fundamental laws of nature, however, 
this illusive particle has yet to be detected experimentally. In this work, we show that an electric 
charge near the topological surface state induces an image magnetic monopole charge due to the 
topological magneto-electric effect. The magnetic field generated by the image magnetic monopole 
can be experimentally measured, and the inverse square law of the field dependence can be deter- 
mined quantitatively. We propose that this effect can be used to experimentally realize a gas of 
quantum particles carrying fractional statistics, consisting of the bound states of the electric charge 
and the image magnetic monopole charge. 



The electromagnetic response of a conventional insula- 
tor is described by a dielectric constant e and a magnetic 
permeability /i. An electric field induces an electric po- 
larization, while a magnetic field induces a magnetic po- 
larization. Since both the electric field E(x) and the mag- 
netic field B(x) are well defined inside an insulator, the 
linear response of a conventional insulator can be fully de- 
scribed by the effective action So = J (fixdt{eE'^ — ^B^). 
However, in general, another possible term is allowed in 
the effective action, which is quadratic in the electromag- 
netic field, contains the same number of derivatives of the 
electromagnetic potential, and is rotationally invariant; 
it is given Se = f dPxdfE • B. Here a = /Tic 

is the fine structure constant, and 9 can be viewed as 
a phenomenological parameter in the sense of the effec- 
tive Landau- Ginzburg theory. This term describes the 
magneto-electric effect^, where an electric field can in- 
duce a magnetic polarization, and a magnetic field can 
induce an electric polarization. 

Unlike conventional terms in the Landau- Ginzburg ef- 
fective actions, the integrand in Se is a total derivative 
term, when E(x) and B(x) are expressed in terms of the 
electromagnetic vector potential: 
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Furthermore, when periodic boundary condition is im- 
posed in both the spatial and temporal directions, the 
integral of such a total derivative term is always quan- 
tized to be an integer, i.e. Se/h = On. Therefore, the 
partition function and all physically measurable quanti- 
ties are invariant when the parameter is shifted by 27r 
times an integer. Under time reversal symmetry, e*^^ 
is transformed into e~*^^. Therefore, all time reversal 
invariant insulators fall into two general classes, either 
described by ^ = or by ^ = tt^. These two time rever- 
sal invariant classes are disconnected, and they can only 
be connected continuously by time-reversal breaking per- 
turbations. This classification of time reversal invariant 
insulators in terms of the two possible values of the 



parameter is generally valid for insulators with arbitrary 
interactions^. The effective action contains the complete 
description of the electromagnetic response of topological 
insulators. In Ref.^, it was shown that such a general def- 
inition of a topological insulator reduces to the Z2 topo- 
logical insulators described in Kefi^^^ for non-interacting 
band insulators, which is a 3D generalization of the quan- 
tum spin Hall insulator in 2D^^^^^^^. Recently, experi- 
mental evidence of the topologically non-trivial surface 
states^ has been observed in Bii-^Shx alloy 
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With periodic temporal and spatial boundary condi- 
tions, the partition function is periodic in under the 
27r shift, and the system is invariant under the time re- 
versal symmetry at ^ = and = ir. However, with 
open boundary conditions, the partition function is no 
longer periodic in ^, and time reversal symmetry is gen- 
erally broken, but only on the boundary, even when 
= (2n + l)7r. Ref.^ gives the following physical inter- 
pretation. Time reversal invariant topological insulators 
have a bulk energy gap, but have gapless excitations with 
an odd number of Dirac cones on the surface. When the 
surface is coated with a thin magnetic film, time reversal 
symmetry is broken, and an energy gap also opens up at 
the surface. In this case, the low energy theory is com- 
pletely determined by the surface term in Eq. ([T]). Since 
the surface term is a Chern-Simons term, it describes 
the quantum Hall effect on the surface. From the general 
Chern-Simons-Landau-Ginzburg theory of the quantum 
Hall effect^^, we know that the coefficient = (2n + l)7r 
gives a quantized Hall conductance of (Jxy = (n + |)e^//i. 
This quantized Hall effect on the surface is the physical 
origin behind the topological magneto-electric (TME) ef- 
fect. Under an applied electric field, a quantized Hall cur- 
rent is induced on the surface, which in turn generates a 
magnetic polarization, and vice versa. 

In this work, we point out a profound manifestation 
of the TME effect. When a charged particle is brought 
close to the surface of a topological insulator, a magnetic 
monopole charge is induced as a mirror image of the elec- 
tric charge. The full set of electromagnetic field equations 
can be obtained from the functional variation of the ac- 
tion Sq ^ Sq^ and they are similar to the equations of 
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axion electro-dynamics in particle physics^^. They can 
be presented as conventional Maxwell's equations, but 
with the modified constituent equations describing the 
TME effect^: 

D = E + 47rP - 2aPsB , H = B - AttM + 2aPsE (2) 

where Ps{x) = 0{x)/27t is the electro-magnetic polariza- 
tion introduced in Ref.^. It takes the value of P3 = 
in vacuum or conventional insulators, and P3 = ±1/2 in 
topological insulators, with the sign determined by the 
direction of the surface magnetization. 

Now consider the geometry as shown in Fig.l. The 
lower half space {z < 0) is occupied by a topological 
insulator with a dielectric constant 62 and a magnetic 
permeability /i2 7 while the upper half space {z > 0) is 
occupied by a conventional insulator with a dielectric 
constant ei and a magnetic permeability /ii. A point 
electric charge q is located at (0, 0, with d > 0. The 
Maxwell's equation, along with the modified constituent 
equations and the standard boundary conditions, consti- 
tute a complete boundary value problem. To solve this 
problem, the method of images^^ can be employed. Let 
us assume in the lower half space the electric field is given 
by an effective point charge q/ei and an image charge qi 
at (0, 0, (i), whereas the magnetic field is given by an im- 
age magnetic monopole gi at (0,0,(i). In the upper half 
space the electric field is given by an electric charge q/ei 
at (0, 0, d) and an image charge q2 at (0, 0, — (i), the mag- 
netic field is given by an image magnetic monopole ^2 at 
(0, 0, —d). It is easily seen that the above ansatz satisfies 
the Maxwell's equation on each side of the boundary. At 
the boundary z = the solution is then matched accord- 
ing to the standard boundary condition, giving 

_ 1 (6i-62)(l//ii + l//i2)-4a^P| 
ei (ei + e2)(l//ii + l//i2) + 4a2P| ^ 
AaPs 

To see the physics more clearly, we will first take ei = 
62 = /ii = /i2 = 1 below, and then recover the 61^2, Mi, 2 
when discussing the experimental proposals later. The 
solution above shows that for an electric charge near the 
surface of a topological insulator, both an image mag- 
netic monopole and an image electric charge will be in- 
duced, as compared with conventional electromagnetic 
media where only an electric image charge will be in- 
duced. It is remarkable that the magnitude of the im- 
age magnetic monopole and image electric charge satisfy 
the relation qi^2 = i(<^p3)^i,2- This is just the relation 
q = {6/27r)g derived by Witten^^, for the electric and 
magnetic charges of a dyon inside the 6 vacuum, with 
e/27r = ±Ps here. 

The physical origin of the image magnetic monopole is 
understood by rewriting part of the Maxwell's equation 
as 

V X B = 2aP3S{z)h x E. (4) 




FIG. 1: Illustration of the image electric charge and the image 
monopole of a point-like electric charge. The lower half space 
is occupied by a topological insulator (TI) with dielectric con- 
stant 62 and magnetic permeability /i2- The upper half space 
is occupied by a topologically trivial insulator (or vacuum) 
with dielectric constant a and magnetic permeability /ii. A 
point electric charge q is located at (0,0,(i). Seen from the 
lower half space, the image electric charge qi and magnetic 
monopole gi are at (0,0,(i). Seen from the upper half space, 
the image electric charge ^2 and magnetic monopole g2 are 
at (0,0, —d). The red (blue) solid lines represent the electric 
(magnetic) field lines. The inset is a top-down view showing 
the in-plane component of the electric field at the surface (red 
arrows) and the circulating surface current (black circles). 

with P3 = ±1/2 the value for the topological insulator. 
The right hand side of the above equation corresponds 
to a surface current density j = Cxyi'^ x E), which is 
induced by the in-plane component of the electric field 
and is perpendicular to it. This current is nothing but 
the quantized Hall current mentioned earlier. For the 
problem under consideration, the surface current density 
is calculated as 

which is circulating around the origin as shown in the in- 
set of Fig.l. Physically, this surface current is the source 
that induces the magnetic field. On each side of the sur- 
face, the magnetic field induced by the surface current 
can be viewed as the field induced by an image magnetic 
monopole on the opposite side. 

From the above calculation we clearly see that the im- 
age magnetic monopole field indeed has the correct mag- 
netic field dependence expected from a monopole, and 
it can be controlled completely through the position of 
the electric charge. Since we started with the Maxwell's 
equation, which includes V • B = 0, the magnetic fiux 



integrated over a closed surface must vanish. We can in- 
deed check that this is the case by considering a closed 
surface, for example a sphere with radius a, which en- 
closes a topological insulator. Inside the closed surface, 
there is not only a image magnetic monopole charge, but 
also a line of magnetic charge density whose integral ex- 
actly cancels the point image magnetic monopole. How- 
ever, when the separation between the electric charge 
and the surface, (i, is much smaller than the spheri- 
cal radius a, the magnetic field is completely dominated 
by the image magnetic monopole, and the contribution 
due to the line of magnetic charge density is vanishingly 
small. Therefore, we propose here to experimentally ob- 
serve the magnetic monopole in the same sense as we 
can experimentally observe other fractionalization, or de- 
confinement, phenomena in condensed matter physics. 
In any closed electronic system, the total charge must be 
quantized to be an integer. However, one can separate 
fractionally charged elementary excitations arbitrarily far 
from each other, so that fractional charge can have well 
defined meaning locally. Similar situation occurs in spin- 
charge separation. While the total charge and the total 
spin of a closed system must be linked to each other, spin 
and charge can occur as well separated local excitations. 
In our case, as long as d is much smaller than the radius 
of curvature of a topological surface a, the local magnetic 
field is completely determined by a single image magnetic 
monopole. 

Such an image monopole can be observed experimen- 
tally by a Magnetic Force Microscope (MFM). Consider 
the surface of the topological insulator with a localized 
charged impurity, as shown in Fig. 2. A scanning MFM 
tip can be applied to detect the magnetic field distribu- 
tion of the image monopole. However, the charge of the 
impurity also generates an electric force to the tip. Here 
we show that the contribution of the image monopole can 
be distinguished from other trivial contributions by scan- 
ning both the tip position r and the tip voltage V. For a 
given position r, we define /min(^) as the minimal force 
applied to the tip when scanning the voltage. Denote the 
distance of the charged impurity to the surface as I), in 
the limit of r ^ D the conventional charge interaction 
leads to a dependence of /min(^)- On comparison, 
the image monopole magnetic field leads to more domi- 
nant contribution 



/min(r) 



(1 + e2/ei) (l//ii + l//i2) - 4a'P| 



(6) 



in which Q is the impurity charge and (j) is the net fiux 
of the magnetic tip. For the estimated parameters 62 — 
100 for Bii_xSbx alloy^^, ei = :^ /i2 — 1, ^ — 

2.5hc/e and a typical distance r = 50nm, the force is 
/min(^) — 0.3pN/ jam^ which is observable in the present 
experiments. 

When we consider more than one point charges on the 
surface, the existence of such an image monopole has an- 
other important consequence. When an electron is mov- 
ing on the surface of the topological insulator, it is al- 




FIG. 2: Illustration of the experimental setting to measure 
the image monopole. A magnetic layer is deposited on the 
surface of the topological insulator, as indicated by the layer 
with blue arrows. (The same layer is drawn in Fig. 3 and 4.) 
A scanning MFM tip carries a magnetic flux (f) and a charge q. 
A charged impurity is confined on the surface with charge Q 
and distance D to the surface. By scanning over the voltage 
V and the distance r to the impurity, the effect of the image 
monopole magnetic field can be measured (see text). 



ways followed by its image monopole. In other words, 
each electron behaves like a bound state of charge and 
monopole, which is known in the high energy physics as a 
"dyon"^^. When two dyons are exchanged, each of them 
will obtain an Aharonov-Bohm (AB) phase due to the 
magnetic field of the other one. Interestingly, the net AB 
phase obtained by the two-particle system during an ex- 
change process is independent of the path of the particles 
on the 2D plane, which thus can be interpreted as a sta- 
tistical angle of the dyon. Therefore, this setup provides 
a condensed matter realization of the anyon concep t^^i^^ 
in the absence of any external magnetic field. This effect 
also provides a mechanism of statistical transmutation in 
(3 + 1) dimensionsi^ii^. If each dyon has charge q and 
monopole ffux ^, then the statistical angle is given by 



2hc 



(7) 



For example, the binding of an electron with charge e 
and a monopole with ffux hc/e leads to 6> = tt, in which 
case the dyon is a boson. However, there is an interesting 
difference between the dyon we studied here and that in 
high energy physics. In high energy physics the charged 
particle and monopole are point like particles moving in 
the 3D. Consequently, the monopole ffux must be quan- 
tized in unit of hc/e^ and correspondingly, the statistical 
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FIG. 3: Illustration of the fractional statistics induced by 
the image monopole effect. Each electron forms a "dyon" 
with its image monopole. When two electrons are exchanged, 
a Aharonov-Bohm phase factor is obtained, which is deter- 
mined by half of the image monopole flux independent of the 
exchange path, leading to the phenomenon of statistical trans- 
mutation. 

angle can only be or tt modular 27r. This is consis- 
tent with the fact that there is no anyonic statistics in 
(3 + 1) dimensions. On comparison, our dyon can only 
be defined if an electron is moving closed to the surface 
of a topological insulator. Consequently, the "dyon" is 
always confined on a 2D surface. In this case, the flux of 
the image monopole does not have to be quantized, and 
correspondingly, the "dyon" can have anyonic statistics. 
According to Eq. (j3|), the statistical angle of an electron- 
induced dyon is 

(ei+e2)(l//ii + l//i2)+4a2p| ^ ^ 

For P3 = 1/2 and ei,/ii,/i2 ~ 1, 62 ~ 100, we obtain 
aV200 :^ 2.6 x lO^'^rad. Though the statistical 
angle is quite small, it is physically observable. Con- 
sider the geometry as shown in Fig. 4. A quasi ID su- 
perconducting ring and a metallic island surrounded by 
the ring are deposited on top of the topological insula- 
tor surface (which has already been gapped by a mag- 
netic layer). By tuning the gate voltage of the central 
island, the number of electrons N on the island can be 
tuned. Due to the statistical angle given by Eq. ([8|), 
each electron in the central island induces a flux of 
seen by the electrons in the ring. Consequently, the net 
fiux through the ring is N9 in unit of the flux quanta, 
which generates a supercurrent in the superconducting 
ring as in standard Superconducting Quantum Interfer- 
ence Device (SQUID). For a typical electron density of 
n = 10^^/cm^ and island size R = 1/im, the net magnetic 
fiux is nOirR^hc/e 2.6 x 10~^hc/2e and the correspond- 



ing magnetic field is B = nOTic/e :^ 1.7 x 10~^G, which is 
observable for SQUID today. It is possible to have some 
other topological insulator material with a smaller dielec- 
tric constant 62, in which the statistical angle of dyon can 
be larger. 

In summary, in this paper we have demonstrated that 




FIG. 4: Illustration of the experimental proposal measuring 
the fractional statistics of the dyons. When a gate voltage is 
applied to the central metallic island, the number of electrons 
in the central island can be tuned, which in turn changes the 
net flux threaded in the superconducting ring and leads to a 
supercurrent. 



the topological surface states of a 3D topological in- 
sulator act as a mirror which images an electron as a 
monopole. Such a transmutation between electric field 
and magnetic field is a direct manifestation of the TME 
effect discussed in Ref.^. Due to this effect, a 2D elec- 
tron gas in the neighborhood of the surface will becomes 
a "dyon" gas with fractional statistics. Exotic particles 
such as the magnetic monopole, dyon, anyon, and the 
axion have played fundamental roles in our theoretical 
understanding of quantum physics. Experimental obser- 
vation of these exotic particles in table top condensed 
matter systems could finally reveal their deep mysteries. 
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